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Question 1 [20 marks] 
(a) For the vector field 
F=ztan¢pt+ zsec? od + ptangdk 
in cylindrical polar coordinates find V- F, and V x F. [10 marks] 


(b) The vector field F' of part (a) is conservative, find an appropriate potential. 


[5 marks] 
(c) Find the field lines for the vector field B = yzt — xzj — xyk. [5 marks] 
Question 2 [20 marks] 


(a) Use Gauss’ theorem to compute the integral 


[fei + 2yj — 3zk)-ndS 
s 
where S is the unit sphere x? + y? + z? = 1 oriented by outside normals. [10 marks] 


(b) Verify that Stokes’ theorem holds for the case with vector field F = xi — yj, the 
surface S being the portion of the cone x?+y? — z? = 0 between z = 0 and z = 1, and 
y being the boundary curve of S oriented so that tangent vector and inner normal 


vector give the orientation of S. That is, show 
i VX (at — yj) -dS = [i — yj) -dr. 
s 7 


Question 3 [20 marks] 


[10 marks] 


The steady flow of an incompressible fluid under conservative body forces is found to 
satisfy w = fu, where w is the vorticity, v is the velocity and f is a differentiable scalar 


function. 


(a) Show that kK + su" + i = Co, where Cp is a constant. [5 marks] 
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(b) Suppose that 
v =a(z)it b(z)9 


and that kK = 0. 


(i) Show that to satisfy w = fv we must have 


a=Vsin(g) and b= V cos(g) 


with f = g/(z) and V a constant. [8 marks] 

(ii) What is the physical meaning of V? [2 marks] 

(iii) Show that under these conditions p = constant. [5 marks] 
Question 4 [20 marks] 


(a) The function f(x) = x? is given on the interval (—7,7), it is defined on the whole 


of R as periodic functions of period 27. Find the Fourier series (give at least three 


terms) and verify that the Dirichlet conditions are satisfied. [10 marks] 


(b) Let f be a real, continuous, periodic (period 27) function defined on R. Suppose f 
satisfies the Dirichlet conditions and that 


— )=F+ df a, cos(nx) + by sin(nz)). 


Show that 


+(e +62). 


ApH 
ieee 
pS) a 
= 
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[10 marks] 


Information Section is on page 4. 
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Information Section 


Spherical Polar coordinates (r, 0, ¢). 
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The volume element is dV = r? sin 0dr dé dé 


Cylindrical Polar coordinates (p, ¢, z). 
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The volume element is dV = pdpd¢dz 


The Euler equation for a fluid with conservative body forces is 


Ov 1 1 
pie SON i eee 
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